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Introduction to Maximum Entropy

ABSTRACT: lk nmximum crllrt)py (hlw[ln~) f)rlrK’l@L’ hw hccn suci’rsslully
used in image rmxrnsuudion in a wirk “,’wic[y of Iickls. Wc rcvll”w the rwwl (or
such mctiods in dam analysis and show. by usc of a very simpk cxtimpk, wh!
MaxEn[ is 10 bc ~cfcrrcd Over ()[hL’r rcguhrising funt”li(ms I“hls [L’dds [() u m(wl’
general intcrprcra[ion of the kl:ixEn[ mc[hod, md 1[.s usc is Illusk:I[cd WIIII
several diffcrcm cxamfilcs, Prm”[ica] diffiuul[ics wl[h n(~ll l~ncar pr(hlrrns slill
remain. this king highligh[cd hy dIc n(~u}rl(~ws phosc f)robll’111 III

Crysl.aliography. WC crmcludc wirh an cxampk fr(ml ncurmm wu[wrlrrg, USIIIK
dab from a fihcr diffcrcncc spxlromclcr [t) conr.ml M; IXI:.lll wi~h a c[mvcn[nm:l]
dcconvohrtion.

1. Introduction

In rmmy scientific cxpcr-irncnts, [hc qumr[i[y of intcrcs[ f IS rcl~k’d [() k diru d
lhrough some lrwsformmtion () and rl(~iw 0:

d .-. ().f I a

Ibr cxirrnplc, f migh[ k [IIC rmllo-flux (listrhrion td un asu(m(mllcid ~mrcc, or dw
morvcn[um (hsrribution of a[oms in Iiqull! hcl ium, or dlc sua[mring Iw.v m ir nrumm
sca[lcnng cxpcrinm’rl, and so on. The lrarw(ormirti~m opcr;m~r () might rl-prc.srnl il

Iimricr Iransforrn, or a Corlv{dutl{m WIIII flrl Iris’,rurnclll:ll ,cs4~luli(m fun(lltm, ‘1’lw
J(d) 0[ dala amdysis IS h) infer Ulc drwrcd qu:m[lly f lr~ml h’ d,ILl d,

f ()”’.d r, () 1,,1

“I’ll{” 1.11 I 111.11 Ihr 11.11,1,111”IMIIII Ill)l\v ;Ill(l Ill, (11111)1,’1,. 111,.,111, 111,11 (lIll 111, )111! 1,, 1.



fundwncn[dly 111-lxwd - [here arc mtiny rLYW’IS~UCUt)IIS (J[ f ~rmlllcd by lb,’ dtil;l.
~L’ cfin wnsldl”r all lhc rccm’rslruclmns lh;ll w’oukl li\’C dda c(mslslcnl w llh ltu~s(’

4
aclually nlcmurcd by wumg up a mls[il stalLsw ~’ IS o(wn tippri!rim~’

.

uhcrc LI~ is [hc k’h nwmmd Alum, wi[h crrl)r-b~r ak, and (f ~ IS LII1’ ~’orrc’s~)ol),ilrlt,”

datum JMI a wiul reconsuuclion f would ilr(,du~e in lhc iihSCllLL? d n,,lsc:

ak = [O. ~]k. Those rcconslruclions him give ~: s N arc dccrncd t,) h~vr ““11[lhc

dam- and consliurle I.he ~casiblc SCI of ~ . This fcaslhlc .SCI, however, IS
incompmhcnsihly Iargc: suppose ti[ wc wish m rmmw.ruc[ o 2-LI imugc on iIn ti~.li
pixel grid wi[h just 16 grcy Icvels; this gives a total number of 1o””’ ~)ssiblc
rcconsnctions. E.vcn if tic ctah ms~ncm.d bc intcnsi[y O( each pIxcl [1)v;lry imly by
(t)onc level on average. tic k.asihlc set would s[ill consls[ 01 101°” possItIlc
rc.cons~c[ions. This is enormous if ynu eomparc il with a~c of Ihc universe, say,
which is only 10’7 x 1.ands. Real problems are [ypically I Xx 12H pixel grids WIIJI
2.S6 grcy Icvcls!

As wc mmo[ ?vcn cnmpmhend lhc loud numbrx O( solrmons, ICI allmr ctmlpu[c and
displ~y lhcrn, wc are forced to make a .Selcclion. Wc would lIkc U) wy IJIIS IS our
(“hcsI”) cs[inur[c of h U-UCf, Which solu[ion should wc scllscI’!

2. The prlnclple of maximum entropy

If f is d posilivc and Udrfiliw quanlily -- fm examplcm a prolxlblllly lknslly Iunchlm,
or Lhc mlcnsl[y dislribunon ol an optical piclurc, or the rudl(]-tlux (JIsmhumm of WI
irs[ront)lnlcal s(mrcc - lhcn WC Maxlh prirwiplc sla[cs ttm[ wc sh(vlld ~’h~xw 111,11
solu[lon” whl~.h maxlmiscs [hc Shannon Jayncs cn[rfyly S (Jiryncs 198 !,
SLIIIIII}! 1%+-/)”



2.1 The kangaroo problem

Taldc I shows t.hc result of sclcc[in~ wc w)luIItm hy n~nalmislllg i~wr cmnn~tml>
used rqulariwng furw[mns, For IhIS very simple c~JIIIlilL., u here ctmIIIItm scnw wll~
us the “ lxx” imswcr when Iaccd w i[h Insult I~ICm [twI ri(~lw lI\x.I d.11:1,II IS (rely III(S
Sh,unrwn-Jayrws cmropy IJMI yIclds ir scnsIhlc mistvt.r’

(M)

Illue Kli

I.cfl-hmlld Flg.1 Truth t.lhlo~ h)r Iho

/.

“I”rlw I,alw k.ltl!l,lr[x) ;)rol]li~rll
. . ..— .—. . ..-—- -. .-. . (s) Gclnw,ll solullrm, 0. x. 1ZI

‘ f,=x f~: 1/; .X (b) Unimrrol,lttd soluIIIm

(c) M.mlmum IXY.IIIVH [x)rrddnn

r~=l/-! xf&l/!4x (d) M. IxImum rmg,ltlwl corr~dilll,]ll

‘h)l~)l~l“’1’:1:1‘[’’I’’T””4



Table 1
I

Rcglll:wlwln)ll Inmli(m I%hh)flltnl hll.lr-cvl’d anti k’1 [ llMtlL’d [x) (’orrl.l:ultm—

- x r,log(f,) 1p) ( lllc4mcLllLll

Yt!
J

1/12 Nqmllvr

x I(lg(f,) 0. IW13 Pl)sllivc

~ (,1/2 ().1217 (-, 1’0s111V(’

2.2 The monkey argument

our ctwrlm(m scn.sc rccwnmcndtxi lhr uncor-rchlcd ~Jlun(m twcuusr, Inmlll vcl), w{.
krrcw thu[ tils was LFICIcas[ l~}mmllhl chmcc. lh” dills iLw]f did rrol rule [ml
comclulion bu[, WNIWUI m[ual cvidcncc, it was (a priori) more Iikcly [hai tic gcrws
corurollmg handa.h,cs i and cyc-colour were on di[lcrcru chrormmomcs Umr on Lhc
~mc one. Ahmgh wc cannot usual] y ap~al 10 swc Il”iukn(m’ledge Iikc genes and
chrmnosomcs, wc can usc tic monb y argumcnl or Gull & Danicll ( IV7H) m scc
rnorc generally LhaI [hc M~x[;n[ choirc is the onc IJKI[ is marirm~lly ncvr.wmmi~ii~l

atww dw miomouon wc dl} no[ h~vc, lhc monkey argumcnl Ciltl (irgmn) tw IINNININ
O( as a physlclsLs’ Pcrvcrsl[m of ihc fomml work O( Shmnon ( 1941t) sh~)wln~ [hill
cnln~py was a ulliquc mcasurr of Infomlmm conlcnl, Ilw rmmkv argumclu IS ;IS
Il)lllws:

Ima~Inc iI lwg~r IC:IM ()[ m[mkcys who makr irnaglhs (f), M rirnAml, by [hruwiill:

smull hallx (}f llux iIl a (rccmn~lular) grid, Iivcrwually, Lhcy will gcrrcr~lc ;111Possltllr
Irrl;lkcs. II ‘WChavr solnc da~ rcli+llng [o an ohjc(-l (f), wc can rrjm’1 m{)s( [d W
nmnkcy m)ti~cs fw~.ausr d~cy will rrol give dau consis~crrt wlttl [hc cxlwrimrnul
nK4L$urcmcnL$, ‘1lwc uNiIFcs hrl arc not rclc~lcd uonsmutc Itw fru,whh- sr[. II wc

arc I() SCICCI p[ onc ma~r from [his fcasildc scl, the imogc dur[ tic rmmkcys
gcucr;ilc nms[ (d WI1 would h a .scnslblr uhmcc, ‘1111sii hccmrsc our Ilylx)lhclll:ll
tcium O( monkrys huvc no paniculw tins, and ,so Ibis choice rrprcscn(s IIIW lmn~r
whIch 1A ctmsIs[rnl WI(I1 {Iw measured dalir M, al Ihc wnc Iimc, is lf’~~.il~IJmmilfI/

dltllll IJl(’ (Ll[il W’t”(h) 1)()[ tli!$ 1“ ‘1111Sprrfrrrd Illlilfi(’ IS Ill’: hlil~l.111 S011111(111,

3. Model-f llllno and least squnres

“1’11(’ (lllnlllllv !) I 1111(’1(”$1 f l\ Usuillly U Collllllll(llli (~ll;lllllly, 1.(11 C(llll[llllill l{)ll,ll

INllpl),u”k, II(lWV[”l, Wr’ dl}:lllw II 11110 il dlwrclr \t’1 (~1ill,ll”l\ [1,; “1’11!s1$ 1101,1

Illllllillloll 1~(~111~ W’~l“illl !ll~lll~ il$ ill~ly W\ Wl” llhC, tMll II (IIW% rcsull 1’1IIS llilVlll~,

Ii) (’illlll;ll~ ;1 Illl}!l’ lllllllhCl 1)1 ll;lliillW1l’rS (11111Ill C;lt11 1)1).(”1) 111)111:1 1(’ I; II IV(’IY \lll;lll

Ilulrllwt [ii I,II;I ‘1111”Illl)ld(’111 lrll(l\ Ill tn. ~l!ljdy 111111(”1111’1(’1111111(”(1;111(1,11(’11( (’, WI,

II*A’ hl;~\l III I(I 1)( ’1:)II\



Smncllmcs wc arc men’ f[mluntilc In lhal WC have u tune’lhm;ll nl(hk”l li~r f II)(’
sum O( SIX ~-functions, or IWO Gaussians, (or cxmnplc. In Ihls C:ISCf cim bc
pacdmcwri.scd by a handful of V~blL’s. Wc now h~vc I(1csummc J srmrll numtwr (d
pararncrcrs from a rclalivcly Iargc numlwr 0( rks lhc probllwl is lwcr4!clcmlilltxl.

in LIwsc ca.scs, and with suiLaidc msmnpmms. LIWm~.[h(xl td 1(.:ls[sqmm’~ 1~USII.III!

appprixi.

1[ wc hwc a sound hasls for our m(xlcl, ttrcn n](ull.1 I’i[ung wllh IL.JS[squ:m.s v. Ill
glvc more accumlc rcsulLs (him Misxl;nt -- wc arc using fliUL’hn)orc pr~,w b.nowh’dgc
in LIWmodel-filting prmalurc rhan wc arc in MuxEn[. II wc do nm h:ivc u tun~.(ltmd
mmicl, or if Our model isad hoc (“lrv fmm~ Gau.ssians-), @n we mu hcucr 0[1 using
MaxEnt. 11is possihlc. and ~rhaps 10 k mmrnmcn.!cd, ti,.[ wc ~wnllli,w LIWUX. 01
MaaEnl dd model-fiuing: wc MaxEn[ LOOhLain an UIIIIJ] rl’~”[lnslrll~”llt~rlIi] ~L’1 :UI

overall piclurc; if Lhc MaxErri rcconslrucllmr and our prior pilyslt’~1 hrli)WIL’(!~L’

suggcsl a funcuomrl mckl, then usc this in a Icasl squms sense f,lr fu[h(.r
quantiustivc analysis.

4. General examples

Wc refer [hc rc.adcr 10 a cornprchcllsivc rcvlcw by (;u I1 & ShIllIII~ ( 19X-I) for
numerous cxamplus ol ihc appllcmms of Maxllm, W’llh [hclr kind pcrmls.sitm, a
smell sclution of lhc.w arc rcproducul m FIg 2. I“h.’y Illusm;ltc (INSWI(IC r;mgc td
proldcms m whi~.h M~xErrl is now applied forcnslc mrusglng,rmlltl Jsmmtull}.
pksnur dmgrwsli~’s, mcxhc:d L4mmgr.dpy,and hhml dcctmv(dumm,

5. Dlfflcull problems

6. The Filler Difference Spectrometer

WC $1:111 Wllh Wllll)h” sllllllt;llltmi III tll@ll}!hl lh[’ dll[(’lrllL 1-1 tu”l Mr(”ll hl.Iil III ,Illti ;1

1 t)llvt’llllllilill (Illtm( I Illvt’lu- uml(”l “[ lmlrt~llr(l” 1I) 11(1II It IIIS ltll’\ Ill) 11111 111111111 111(,

11)s (’xd(’llv bl I (“qlllllr n,\ !.;lll (,111 Ir; 11111r,. 11)1 1111’\l’ \lllllll,lllllll,, 1111,Ill I!,



(“; uII and Skdllng: hl~imum en~py mtiod

“iw
PIE X-ray c~rgpby

(skull in perspex,~~I Led)

i

iLJL
● . .—.-

1s

● mwavc t[ichcl son intcr[cro -

mecer spcccrm of Cyclocrvn

cmist ion [I (]m 1)1 TE mkarm]k

(Cull,am Laboratory)
...

‘Blind” 4rconvolut[on of

rrnkrrovn blurring

(left) trw iuge J ,blurrinc

(middle) dzta as ~iv;n ru

HE program

(rilht) rrcon~lructlor..s

(T. J. Mwton)

Fig, 2 Gemral example of Maximum on:ropy IrrImJ~I ro(:or~:,tr.)(tlol~” hop IodLI(IId t)y
courttlzy of t)rs Gull and Skdllrq





spcarum ((x) (sca[lcring law) is shown In FJg. 4(a): i( ~“onsis(s of Lwo spIkr:<
sepamcd tiy a low plamau on lhc lcfl and a much Ww,icr Fak on tlw right. This

“tmh” was gencraled on a grid of 128 pixels and convolved witi a sharp-edged

exponcn[ial c-x~, where =15 pixels, shown in Fig. 4(b), 10 crcatc a noiseless dJLJ-
SC[of 12fl poin~. A conssanl (“known”) background qual m 5% of hc peak daium

was W and GmKsian random ~i~ wi(h a mandard deviation qual LOk square-rcot
O( each datum was addul. Fig. 4(c) shows Ibis simulatd dma set when the peak
ckmm was 108 (counh$ — e-sscntially noiseless. For this c~w, both MaxEnt and tic

dirrxt inverse (0-1 .d) gave reconstructions indistinguishable from lhc the I.rulh

F@- W. F@cs 5 ad 6 ShOWthe mmqmding reds when the dma were made
more noisy (fewer coun~). The qualir~ of tic rcccms~clions dclcrioraws [or bmh
met.hods. Since ~c direct inverse dots not tic in~:] mcrium tia[ tic dau are noisy
(Section 1), it produces numerous artcfacw and demnormcs much more mpidly than
MaxEnL

x

-50 0

x

-cI

Lh310

—---- ...- ... —- —--. ~—
. k)
“. ●.
“. . .

‘“(i ““:..... “..
,\ \

.

.

. . . .1. . . . . . . .,>
LI 5( I I(M1

,

Resolu(.m Iu.-w(mm

—-----

k

J

\\

.,. . . . . . . . .

-. ,..- .
M 1

,,
!Il I V ,,( ,

E

Fig. 4 (a) Spoctrurn, or idealisea scattering Ii]w, usual In Iho I [)S sIrIIul I[mr]:,
(b) A hrsl approxlmalmn 10 !ho 10S rosolullon funclmri. n shnrp odgud rtxponuntl,tl

(c) A smul-iod d.lfit SOI wilh very good sla[istlm (d) A t)ottnr npproxlnlil!lnn to ItlII
f“[)S rw,t]hltnrl fum;tmn zhmp Od{lIn4 oxlmn!wltl;jl convolvtxl wl[h il n,lrtow (:, IuI, I, I.111
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Fig. 5 (a) Simulated FDS dala WIIII
some noise. (b) Direct inverse.
(c) MaxEnt reconstruction.
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Fig. 6 (a) Simulnled [“DS dala WII’, a Id
of noise. (b) C)lrect inverse, (c) ‘A.Ix I III
rerxmslrucllon.



Ralhcr than usc the sh~-edged exponential atmvc (Fig. 4b), WC ohmin a bctwr
approximation m the FDS resolution [unct.irm i( wc convo]vc i[ wi(h a narrow
Gaussian (s~dard deviation of onc pixel), as shown in Fig. 4(d). TtIC rcsul[ing
simulati data, with good smtistics, is shown in Fig. 7(a). Allhough wc can
dcanvolve I.his new resolution function wilh tic diroc[ mef.hod in principle, wc will
only d~onvolvc tie ex~nen[ial compnncm as is done in practice (Mczci &
Vordcnvisch 1987). This is partly lxxausc tic inverse is easy 10 calculate if there is
a sharp edge (by dirczl substitution), bu[ more so bccasuc fic inverse komcs badly
conditioned (very sensitive to noise in Lhe daLs) when tic Gaussian compcmcn[ is
included. Wib MaxEnt, however, we can safely dcconvolve the “smoolhcd”
resolution function. The inverse and MaxEnt rccmuuctions arc shown in Figs. 7(b)
& (c), respectively. The MaxEn[ reconstruction shows much improved rcsolu[ion
and some noise suppression over tie dtit inverse.

Finally, we show the raul[ of using MaxEnt on a a r~ FKX dah-sc[. IIC data and

resolution function were ~vided by Vordewisch. exp-imcmal and analysis details
being given in foticoming papers (Vordcrwisch 1989, and Sivia ei u1. 19H9).

Fig. S(a) shows the Be w for hexamehylcmc-mtrarninc (HM~ at 15 K taken al the
Los Alamos Ncuwon Scallering Cenler (_LANSCE), Fig. II(b) shows lhc
conventional Filler Diflerencc spxm-um: a cm Jc hardware dcconvolution ohhincd by

Ma

r~<●.(4
“.
%.

. .
.

.\-. .

\ . . . .
.

.. .

.. . ...
.. ;
;.

.

\

.

k<
o w lm

x
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convolved wifh a narrow Gaussian
resolution lun~ion IFig. 4d). (b) Direct
inverse deconvolution of the
exponential componen[. or ‘Mezei
method- reconstruction, (c) Max Enl
r~construction, showing Ihaf the
Gaussian component can be safely
decor~volved to give Improved Imago
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sdr$dctirrg lh: daia oblaincd witi Ilc and BcO filters. Fig. 8(c) shows Ihc M;lxEni
rcconslruccion, and Fig. 8(d) shows d]is overlaid on WC dirtx[ inverse r~ons~c[ilm
mcnlioncd ahvc. As expcclcd, wc find LIMI MaxEnl has improved rhc rcsolu[ion and
rcducc-d IIIC noi.sc. The improvcrncru is obvious, but not dramatic, in his particular
cxarnplc, txxausc wc had good sl;ltis[ics and also k.ausc tIC in[rinslc Gaussian-lk
cmribukrn LOtic rc.solukrn (UI . lim is very narrow and so has Iiulc CITIX.

7. Concluding remarks

We have shown that MaxEnt provides an optimal c[~:: +on [or Selczliltg a pcrsi(ivc
image when faced wilh incomplclc and noisy dam. 11~ Maxh cimicc can bc
inlcrpracd as tie maximally non-cmirnittal solution lhat k cxmsisknt with the dau.
As such, i[ kinds (o kmless noisy and has fewer artcfac~ him convcmional mc~ods,
Lhusmaking it easier b inlerpti tie results.
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Fig. 8 (a) FDS datir for Iloxamethyhmo Iutrarnmtr, m 15K, Iakon WIIII tho Be lIIIIIr

af LANCE. Iho ch,annols aro in Increasing limo-of II I!] III. or docrna:; lng on~. rqy
lr:{nsfur. (b) lho I-tflur I.hflcrroncm spocfrurrr, or ii crudo tl..rdwm(l df~f:f]rlvi]ltlflr~rl
cd)lillrmd by sut]trxtq rhta ot)[ainllri WII I B. nrlrj BOO Id[nrc., (c) 11111 M;IXI III
rocan~,lru(:tlon. (d) I tlo dlrocl Irlvorqli. or .MI~/111 rll~ltll[jfl- , r{}[;oll!,ll{)i:llorl” (dt)l:,)
ovorl,]id ml tho M,IYI nt rocon:.lru(.lmn



Wc mcn[ion in passing t.b a unified appr~h [o aJl uu ana!ysls (hlaxEnt, mml(’l-
fitung, or whamvcr) carr bc achicvcd by casl.ing all such problems in t.bc prohalls[ic

framework of a Baycsian analysis. This not ony gives us Lhc way [() slmlccl LIIC

optimal imswcr to any given problcm, but i! also tcils us how 10 cslimfi[c IIIC
rcliabiltiy of that solulion; unformnatcly. however, U-w error amdysis IS usually
impossible to implcmcnl in prac[ice cxccp[ for the smallcs[ of problcn)s. ‘1’IIC

dilficully dcm.snot ari.sc kwausc wc arc using Ma-xEn~, hu[ bccau.w wc arc t.rylng u)
cslimaw a Iargc numtcr of paramc.lcrs,
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